Abstract. In this paper we study range projections of idempotents in C*-algebras, and use them to obtain a Schur type decomposition that leads to simple proofs of results on Moore-Penrose inverse and norms of idempotents. We analyze the continuity of range projections, obtain a general result on their approximation, and recover a result of Vidav on two projections in a Hilbert space. Several representations of range projections are given.
Range projections
Basic facts about C*-algebras needed in this paper can be found, for example, in Davidson's monograph [3] . In this paper, 21 is a unital C*-algebra with unit I. By 2l -1 we denote the set of all invertible elements of 21. We recall that I + A*A € 21" 1 for all A € 21 and that \\A*A\\ = \\A\\ 2 (the C*-identity). An element A € 21 is polar if 0 is at most a pole of the resolvent of A, and quasipolar if 0 is an isolated singularity of the resolvent of A. We will need the following characterization of quasipolar elements of 21. From the preceding lemma it follows that A is polar if and only it is quasipolar and A k A n = 0 for some integer k. In particular, A is simply polar if and only if A is quasipolar and AA n = 0. The word 'projection' will be reserved for an element Q of a C*-algebra 21 which is self-adjoint and idempotent, that is, Q* = Q = Q 2 . A motivation for the concept of the range projection of an idempotent P comes from Hilbert space operator theory, where the range projection of an oblique projection P is the self-adjoint (orthogonal) projection Q onto the range of P. It is easily checked that QP = P and PQ = Q. In the context of C*-algebras, the existence of the range projection of an idempotent P was originally proved by Kaplansky. The formula (1. A range projection of P, if it exists, will be denoted by P" 1 . THEOREM 1.3. For every idempotent P € 21 there exists a unique range projection P x 6 21 given explicitly by the formula (1.2) P ± = P(P + P* -J) -1 , and satisfying
Proof. Uniqueness. Suppose that there exists Q G 21 which satisfies (1.1). Then Q{P + P* -I) = QP + (PQ)* -Q = P + Q-Q = P. We observe that (P + P* -I) 2 = I + (P -P*)(P -P*)*-, hence P + P*-I is invertible, and Q = P(P + P* -I)~l. The equation (1.3) follows from (1.1). This result motivates the following construction. Existence. Set S -P+P* -/; then S E 2l -1 as above. We verify directly that PS-1 = S~lP*, P*S~1 = 5 _1 P, 5 -1 P*P = P, PP*S~1 = P; this enables us to show that Q = PS PROPOSITION 1.5. lei P,Q e 21 be idempotents. Then (1.4) -P-L|| < max{||(/ -Q)P||, ||(J -P)Q||} <11^1111^1111^-^11.
(1.5) IKQ*) 1 " -(P*) x II < max{||P(7 -Q)\\, \\Q(I -P)||} 
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(We have also used the equality ||J -5|| = ||5|| valid for any idempotent S 6 21; see Proposition 4.2.) • The range projection P H-> P 1 -is a continuous function of P in the operator norm. The following theorem gives a complete description. THEOREM 1.6. Let P n , n = 1,2,... and P be idempotents in 21. Then (1.6) P n -P « [P xand (P^ -(P*)^.
Proof. The forward implication follows from formula (1.2) and the continuity of the mapping A Ain 21. The converse is a consequence of Proposition 1.5 when we observe that \\P n -P|| < \\P n {I -P)|| + ||(7 -P n )P\Y • The following result is an analogue of the Schur decomposition extended to idempotents in a C*-algebra. Conversely, let Q = P x be the range projection of P, and let N = P -Q. Then (1.7) holds.
• To justify the description 'Schur decomposition' we illustrate the theorem for matrices. 
/ -PQ = P(I -PQP)P -PQ(I -P) + (I-P)
with I-PQ e 2l -1 and I-P invertible in the corner algebra (7-P)2l(/-P) it follows that the element P(I -PQP)P is invertible in the corner algebra PQIP, and from
J -PQP = P{I -PQP)P + (I-P)
we conclude that I -PQP € 2l
_1 . The decomposition 21 = G21 © (I -G)2l and equation (1.3) imply the second equation in (2.2).
Conversely, assume that P, Q 6 21 are projections satisfying (2.2). Define G by equation (2.3) and observe that P commutes with I -PQP and {I-PQP)-1 . Then
G 2 = (/ -PQP)-\P -PQ)P(I -PQP)~1(P -PQ) = (I-PQP)~X(I -PQP)P(I -PQP)~1(P -PQ) = G.
Hence G G 21 is idempotent, and from the definition of G we deduce that • REMARK 2.3. Vidav [16] showed that if 21 = B(H), the projections P = G 1 -and Q = (I-G) X satisfy (2.7) ||PQ|| < .
The proof hinges on spatial arguments. Using Gelfand-Naimark theorem, we note that this estimate is also valid in C*-algebras. It would be interesting to find a purely algebraic proof of (2.7).
Applications to Moore-Penrose inverse
Recall that a Moore-Penrose inverse of A G 21 is an element B G 21 such that We set C = (P h, ) X SQl , and verify that C satisfies conditions (3.1). Note that Q x and (P*) ± are self-adjoint:
If BAB = B is not satisfied, write B = BAB. Then ABA ==A, BAB = B, AB = AB and BA = BA. The preceding result applies to B in place of B, and the conclusion and the formula for At remain the same.
• PROPOSITION 3.2. If P e 21 is idempotent, then P is regular, P^ exists, and
Proof. The formula for Pt follows from the preceding theorem. Then
We generalize a result of Kato [6, Theorem 1.6.35] to C*-algebras, giving an alternative proof. 
Proof. By the Kato-Moriya inequality [7],
IIQtf " PP*\\ < max{||Qt||, ||pt||}||Q _ P ||.
If 5 € 21 is an idempotent, then by Proposition 3.2, S x = SS* and H^H = ||(5*)-L 5-l || < ||(5*) ± ||||5-L || < 1. This completes the proof.
• 
From (3.5) it follows that A* is self-adjoint and commutes with A.
Conversely, suppose that A is self-adjoint and that A* exists. From (3.1) and the uniqueness of A* we deduce that A* is also self-adjoint and that A and At commute. Set P = I-AAK Then we can verify that P is idempotent, commutes with A and satisfies AP = 0. According to Lemma 1.1, P is the spectral idempotent of A when we show that A + P 6 2l -1 . But this follows from Conversely, assume that At exists. A direct verification shows that At (At)* is the Moore-Penrose inverse of the self-adjoint element A* A. Hence A*A is simply polar by Proposition 3.5.
The statement about AA* is obtained by writing AA* = (A*)* A* and applying the preceding result to A* in place of A.
•
We observe that (3.5) and (3.6) yield an alternative formula for At; Proof. The equivalence of conditions (iv) and (v) to (vi) and the implication (i)=»(vi) can be found in [4, 14] . The equivalence of (ii) and (iii) to (vi) is a consequence of (3.7) and of the equations (A*A) W = I -A^A and {AA*Y = I -AAt. The implication (vi)=^(i) follows from (i)=^(vi) and the identity = B. m Proposition 3.8. // P n e 21, n = 1,2,..., are idempotent, then Pn -P P,t Pt.
Hence the Moore-Penrose inverse is continuous on the set of all idempotents in 21.
Proof. The limit of idempotents is an idempotent. Recall that pt = (p*)-Lpj_ for any id em p 0 tent P € 21. The result then follows by Theorem 1.6.
• A more complete discussion of the continuity of the Moore-Penrose inverse in C*-algebras is given, for instance, in [5] , [11], [14] .
Application to norms of idempotents
The paper [1] contains a wealth of information about idempotent operators in Hilbert spaces, with many of the results algebraic, involving two idempotents, many dealing with operator norms. In this section we propose a We recall (Proposition 3.5) that 0 is isolated in a(PP*).
Hence fi > 0 and
We can then define a function / : a(PP*) -> C such that
Observe that / € C(cr(PP*)).
In the present section, the letter / is reserved for this particular function.
Before we present our main result, we recall representations of the range projection we encountered previously: follows from the GelfandNaimark calculus for PP* and from functional representation of a spectral idempotent.
The following theorem is our main result on representation of the range projection, which generates a number of useful concrete representations. EXAMPLE 5.6. Boulmaarouf, Fernandez and Labrousse [1, Proposition 1.11] described a fast convergent recursive algorithm for the calculation of P 1 -when P is an idempotent bounded linear operator on a Hilbert space H.
Let P E 21 be an idempotent, and let Giß) = P + ßPP*{I-P) for some ß > 0. It is shown in [1] that the value of ß that minimizes ||G*{ß) -G(ß)\\ is equal to ß = (¿>(||P|| 2 ), where ip{t) = 4/(31 2 + 1). For any idempotent Q E 21 set $(Q) = Q + <p(\\Q\\ 2 )QQ* (I -Q) . It is further shown in [1] that the recursively defined sequence Q a +1 = Qo = p, converges to P 1 -with
IIQa -P ± \\ = r 1 -^, where k = (||P|| -1)/(||P|| + 1). i. AC
